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Abstract

Curved structural members are widely seen in our surroundings, such as railway supports in playgrounds resembling a c-ring structure.
The common geometry of the curved member consists of a segment of a circular ring with a uniform width. The curved section is of
constant width in most cardiovascular stents. This study focuses on curved strut members whose width changes along the curved segment.
The location of the maximum equivalent stress varies depending on the manner in which the width changes. When the width is constant
or larger toward the top, the maximum equivalent stress is developed at the top. Meanwhile, when the area is reduced toward the bottom,
the largest equivalent stress is developed some distance from the top. Simple equations, based on the mechanics of materials and the
theory of elasticity, were compared favorably with the results from finite element analysis. Included are elaborations of the distribution of
the change of stress. The suggested strategy of changing the width, with refinements, could be applied to the optimal design of structural

members, including pipes and medical devices such as stents.
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1. Introduction

In designing a member in order to increase the mechanical
efficiency of the component, we explore either the selection of
materials [1] or the determination of the geometric shape [2].
At times, materials are pre-selected; thus, the external geome-
try is left for the designer to determine. Thus, the material-
efficient design of a component could be achieved based on
the intended function, the design constraints, and the objective
sought [3]. The objectives of the optimum design could in-
clude reducing maximum stress, controlling stress distribution,
and minimizing the use of the material, leading to minimum
weight of the component [1-4].

Curved structural members in the form of a pipe or a shell
are extensively seen in our surroundings [5-8]. For example,
Fig. 1(a) shows a curved member supporting a railway in a
playground. The curved member in Fig. 1(b) shows a member
with a constant cross-section and a reinforcing plate to prevent
failure of the component from excessive loading.

Many other examples resemble the segment of a ring
experiencing either a compressive or tensile force. Stents are
structures that experience extensive tensile forces. A stent [9]
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is a medical device transplanted into a human coronary artery
or an internal organ to expand the narrowed area. They are
usually made with ductile metals featuring mesh-like connec-
tions. A common geometry for cylindrical stents consists of
curved portions [10]. The curved segment is pulled in the di-
rection of the hoop through a straightening action, enabling
extensive radial expansion [11]. The cylindrical stent, which is
expanded in both radial and hoop (i.e., circumferential) direc-
tions, widens the blocked area to the desired extent and avoid
collapse by remaining propped up.

‘When the material for the curved member is pre-determined,
only the geometric design could be altered to ensure lifetime
durability [12] and accomplish optimum design. A common
geometry for the curved member consists of a segment of a
circular ring with a constant cross-section or uniform width [2,
13-15]. Numerical models and experiments (combined with
numerical investigations) on behaviors related to stents have
been reported [11, 14-16].

This study investigates the effect of the change of width for
the curved strut of a stent, which resembles a curved bow in
sports, on the stress distribution along the circumference of the
curved length. The curved strut of a stent is part of a cylindri-
cal segment and is slightly warped, as shown in Fig. 2(a).
However, in this study, the curved strut member is assumed to
lie on a plane to compare the present findings with available
analytical estimations. Two independent analytical approaches,
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Fig. 1. (a) Railway support featuring a curved member; (b) Schematic
of a curved member and a reinforcing plate under compression.

(a)

Fig. 2. (a) The typical segment in a cardiovascular stent featuring a
curved part; (b) A circular arc experiencing tensile forces at the end-
points.

based on the mechanics of materials [2] and the theory of elas-
ticity [17], have been undertaken. The first approach in com-
puting the stress in a curved flexural member considers force
and moment equilibrium, and the equation based on the theory
of elasticity is generated from the postulated stress function.
The results from subsequent finite element analysis (FEA)
were then compared with the analytical estimations of the
stress distribution. This paper discusses findings on the varia-
tion of the stress distributions with the relative position within
the curved member.

2. Methods

2.1 The approach using the mechanics of materials

One approach in determining stress distribution for a curved
flexural member is based on the mechanics of materials.
Unlike straight beams, the neutral and centroidal axes of a
curved member are not coincident [2]. When the curvature is
large, the stress does not vary linearly from the neutral axis.
Therefore, the elementary bending-stress formula, determined
by dividing the moment by the sectional modulus, gives an
inaccurate estimation of the resultant stress. The worked-out
examples found in textbooks [2, 13] mostly deal with a hook
with curves bounded by two concentric circular arcs. For a
circular arc with a radius of R as shown in Fig. 2, the geomet-
ric relation is shown in Eq. (1).

¢ =d(2R-d) )]

A typical curved segment could be modeled with a surface
bounded by two straight lines and two curved circular arcs. It

©

Fig. 3. Curved members bounded by two circular arcs with a relative
width: (a) greater than unity; (b) equal to unity and (c) smaller than
unity.

is natural that the centers of the two concentric circular arcs
coincide. The distance from the center to any point on the arc
remains constant, as shown in Fig. 3(b). If the width of the
curved member is not constant along the curved segment, the
distance would no longer be constant and would depend on
the relative location on the arc. Therefore, for members with
non-uniform widths, the distance from the center to a point on
the arc has to be determined as an independent function of the
angle of the arc.

The present study defined the relative width in order to de-
termine systematically the effect of the relative width on the
stress distribution. The relative width refers to the ratio of the
two widths at the end locations, as shown in Figs. 3(a) to 3(c).
Two concentric, circular arcs with two different constant radii
could result in identical widths, a and b, leading to a relative
width of one. Meanwhile, the relative width could be larger or
smaller than unity depending on the widths, as shown in Fig. 3
(a) or 3(c). Several relative widths, which were either greater
or smaller than unity, were modeled and analyzed.

The geometric modification of the cell with different rela-
tive widths was obtained using the procedure described below.

The radius of the outer arc was not changed. In addition, the
width-a (in Fig. 3) was not altered; the width-b— which satis-
fied a certain relative width—was determined. Three points on
the same plane (i.e., points I, J, and K in Fig. 3) enabled a
unique determination of the inner circular arc. Two straight
lines were added to complete a final curved surface segment.

For a triangle AOAB in Fig. 3(a), the distance (r) from
point A to any point on the inner arc was calculated using
Cosine-rule [15] as shown in Eq. (2a).

R =1 +(d =R =2(d = Ryr-cos(5-~0) (2a)
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A similar relation was obtained for triangle AOAB in Fig.

3(c).

R =7 +(R-d)’ —2(R—d)r-cos(%+6’) (2b)
Both Eqgs. (2a) and (2b) can be simplified to Eq. (2¢).

R =r’+(R-d)+2(R—d)r -sin (2¢)
The radius of the circle (i.e., R in Fig. 2), was eliminated using
the relationship shown in Eq. (1). The combination of Egs. (1)

and (2¢) and the solution of the quadratic equation for the
distance, r, yielded Eq. (3) below.

2 2 2 2 2
p= =D Gnor [ F=ing| 4 3)
2d 2d

Eq. (3) satisfied two boundary conditions at two end-points,
where the distance, », was equal to c(at €=0) or d (at
17 :E) (Fig. 2). Since the two distances (¢ and d in Fig. 2)
becaime identical for a member shown in Fig. 3(b), Eq. (3)
implies that the distance, , equals the radius of the circle,
which is R in Fig. 2. The inner arc was chosen because it ex-
perienced tensile hoop stresses leading to potential failure in
the surface-crack opening mode [2]. By substituting Eq. (3)
into Eq. (4), the hoop (or circumferential) stress at any point
along the inner arc was obtained. The total hoop stress was
determined by adding the extensional and flexural stress com-
ponents [2], as shown below.

gt M = @)
A A (r.—-rn)r

In Eq. (4), 4 is the cross-sectional area, F' is the force compo-
nent acting on the cross-section, and M is the bending moment
computed in the centroidal axis. The second term in Eq. (4)—
the flexural stress component—is a product of the moment
over the area and a geometrical multiplier determined by the
relevant distances. Since the neutral and centroidal axes are
not coincident [2], we determined the distances from point A
in Fig. 3 to the neural and centroidal axes as r, and, r,, re-
spectively. The explanations regarding the use of Eq. (4) are
presented in [2, 13].

2.2 The elasticity approach

Another analytical expression to compute for stress at a
point is based on the theory of elasticity. The theory is derived
from the stress function [16, 19-20]. Cutting an annulus of
constant width produces a curved member, as shown in Fig.
3(b). The formula to determine the hoop stress for a member
with uniform width could be found in [14]. The formula uses
two constant inner and outer radii. The geometries shown in
Fig. 3 are different from one another in that only the inner

radius is a function of the angle, as explained in Eq. (3). Con-
sequently, a simple approximation was made by replacing the
constant inner radius with a radius which changed with the
angle of the arc, as shown in Egs. (5a) and (5b). The angle in
Eq. (5a) was defined in a counter-clockwise direction from the
bottom (i.e., point K in Fig. 3) toward the top (i.e., point J in
Fig. 3). The outer radius (b) remained constant, as described in
Section 2.1. The force (F) was then applied in the direction
shown in Fig. 2.

272 2 2
o —E{—3r+%+w]sin9 (5a)
N r r
N=(r2—b2)+(r2+b2)ln£ (5b)
r
2.3 FEA

The curved member was modeled and analyzed using the
ABAQUS FEA program [21]. Prior to actual computations for
the geometries under study, the FEA modeling technique was
checked for the crane hook illustrated in reference [2]. The
curved surface segment was bounded by two concentric circu-
lar arcs, implying that the width was constant along the curved
segment. The stresses obtained through FEA were compared
with analytical answers in reference [2]. The computed values
obtained through Eq. (5a), based on the theory of elasticity,
were slightly greater than those found in [2], based on the
mechanics of materials. The FEA results were less by about
10% than the estimations from the two theories.

Similar computations were conducted for the curved surface,
in which the width changed along the curved segment. A
Young's modulus of 190 GPa and a Poisson's ratio of 0.3,
otherwise known as the elastic properties of stainless steel
316L, were used while performing the computations. Stainless
steel 316L was chosen because many cardiovascular stents
used the material [22]. However, neither Eq. (4) nor (5a) was
affected by the Young's modulus of the member. After con-
ducting FEA, it was found that a change in the Young's
modulus did not cause any significant change in the resultant
stress.

In this study, FEA results were based on computations of a
curved member with a square cross-section. The square cross-
section was adopted because the common cross-section of
stents was found to be closer to a square than a circle. The
stresses were taken from the nodal points along the mid-plane
at the cross-section. Continuum, eight-noded, block elements
were used for each analysis. Four different relative widths
were selected for modeling, with ratios of 1.2, 1.0, 0.7 and 0.3,
respectively.

3. Results and discussion

Fig. 4 shows that hoop stresses obtained from two analytical
approaches and FEA agree reasonably well with one another.
Due to the symmetry in Fig. 3, we can observe stresses along
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Fig. 4. Hoop stresses from two analytical estimations and results from
FEA for a relative width of: (a) 1.2; (b) 1.0; (¢) 0.7 and (d) 0.3.

the inner arc in the right half of the model. The angles starting
from 0 to 90° correspond to the direction from points k to j in
Fig. 3. As the counter-clockwise angle have been assumed
positive in Fig. 3, the numbers in the abscissa are shown in
descending order for easier visual understanding. “Theory-1”
in Fig. 4 refers to approximations by the mechanics of materi-
als, and “theory-2” represents the results based on the theory
of elasticity. Figs. 4(a) and 4(b) show that hoop stress in-
creases with the angle, starting from zero, and reaches the
maximum at the top where the angle (6 ) is 90°. The maxi-
mum hoop stress occurs at the top mainly because the bending
moment is largest at the top owing to the longest moment arm.
This part of the explanations will be detailed in later sections.
An examination of Figs. 4(a) to 4(d) reveals that the maxi-
mum hoop stress at the top, as obtained through FEA, de-
creases slightly as the relative width decreases.

The hoop stresses between 20 and 80° tend to increase as
the relative width decreases from 1.0 to 0.3, as shown in Figs.
4(b) to 4(d). When the relative width becomes 0.3, the curve
for the hoop stress between 20 and 80° shows a fairly flat
region, as shown in Fig. 4(d).

Assuming that the failure of ductile metal is governed by
the distortion-energy theory [2], each component of the stress
and the equivalent (or Mises) stress are compared in Fig. 5. In
Figs. 5(a) and 5(b), the radial and shear stresses are relatively
negligible compared with the large hoop-stress component.
However, Figs. 5(c) and 5(d) show that the radial and shear
stresses increased because the decreased relative width—
implying a smaller cross-sectional area toward the bottom—
resulted in increases in the radial and shear stresses in those
regions.

Combining all stress components to compute the equivalent
stress for each case indicates that the equivalent stress varies
with the angle of the arc. When the relative width is equal to
or greater than unity, the largest equivalent stress occurs at the
top where the angle of the arc is 90°. Meanwhile, as the rela-
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Fig. 5. FEA results on the equivalent and individual stress components
for relative widths of: (a) 1.2; (b) 1.0; (c) 0.7 and (d) 0.3.

tive width for the cell decreases, the largest equivalent stress is
found some distance from the top. The angle of the arc for the
largest equivalent stress is roughly 30°, as shown in Fig. 5(d).
The development of the maximum equivalent stress at the
region away from the top for a curved member with a smaller
relative width is caused by a combination of the two following
reasons. Primarily, the hoop stress tends to become nearly
insensitive to the angle and fairly flat as the relative width
becomes smaller than one. Second, the radial and shear
stresses tend to increase due to the reduced cross-sectional
area as the relative width decreases.

Fig. 6 shows a typical hoop-stress contour obtained through
FEA for the model shown in Fig. 3(b). The contours are
drawn in the cylindrical-coordinate system to represent the
change in the stress with the angle of the arc. The forces at
two locations tend to straighten the curved portion, leading to
tensile and compressive stress along the inner and outer arcs,
respectively. The results are consistent with the analytical
expectation [2, 13], demonstrating the validity of the FEA
modeling technique.

Comparing equivalent stress contours indicates different po-
tential failure sites for curved members with different relative
widths. Figs. 5(d) and 7(b) show that the maximum equivalent
stress contour for the relative width of 0.3 is found between 20
and 50° with regard to the angle of the arc. The curved mem-
ber with a relative width either equal to or greater than unity
shows the largest equivalent stress at the top region, as shown
in Fig. 7(a).

The hoop-stress component contributes most significantly in
determining the equivalent stress for the curved member, as
illustrated in Fig. 5. The total hoop stress could be broken into
two contributing terms, namely, the extensional and flexural
stress components, as shown in Eq. (4). The extensional com-
ponent is much smaller than the flexural stress (Fig. 8). This is
true regardless of the relative widths.

To examine the sensitivity of each extensional and flexural
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compressive hoop stress

Fig. 6. A typical FEA contour showing regions for tensile and com-
pressive hoop stresses.

contour region
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Fig. 7. The largest stress that: (a) develops at the top and (b) develops
not at the top, but in the neighborhood of the top region.
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Fig. 8. The change in the total hoop stress and in each stress component.

stress component to the angle of the arc and the relative width,
each stress component was normalized with respect to the
largest magnitude of each variable. When the relative width is
greater than or equal to unity, both extensional and flexural
components increase with the angle similar to those shown in
Figs. 9(a) and 9(b). As the relative width decreases to 0.3, the
flexural component is nearly insensitive; and an almost
plateau value is found at angles greater than 20°. This implies
that the flexural component of the hoop stress is the primary
factor causing a fairly flat curve, as shown in Fig. 4.

As relative widths change, the moment divided by the
cross-sectional area changes with the angle of the arc. Another
factor influencing the stress distribution is the change of each
distance from the center to the neutral and centroidal axes, as
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Fig. 9. Normalized extensional and flexural stress components at rela-
tive widths of: (a) 1.2; (b) 1.0 and (c) 0.3.
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Fig. 10. Variation of the flexural stress, moment over the cross-
sectional area, and the geometrical variables determined by distances
for the cell with relative widths of: (a) 1.5; (b) 1.0 and (c) 0.3.

described in Eq. (4). For the member with a relative width of
1.5, the moment divided by the -cross-sectional area
determines the flexural stress. The effect of the multiplier,
which is determined by the relevant distances, is marginal, as
shown in Fig. 10(a). Since the cross-sectional area remains
constant for a relative width of unity, the multiplier depending
on the relevant distances does not affect the flexural stress, as
shown in Fig. 10(b). However, for a cell with a relative width
of 0.3, the decrease in the flexural stress is nearly compen-
sated by the increase of the factors depending on the distances,
as shown in the open symbols of Fig. 10(c). Therefore, the
multiplication of the flexural stress and a factor depending on
the distances results in a fairly flat graph between 20 and 80°,
as shown in Fig. 10(c). These findings, together with the re-
sults shown in Fig. 5, clearly explain why the maximum
equivalent stress is developed at a different location depending
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(b)

Fig. 11. Comparison of contours showing different locations for
maximum Mises stress within the modeled stent with relative ratio (a)
of unity and (b) less than unity.
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Fig. 12. Variation of Mises stress along the curved stent segment
showing different locations for maximum Mises stress.

on the relative width.

The results in Fig. 7 are based on the curved member lying
in a plane, whereas the actual curved stent strut member is
slightly warped in the circumferential direction as shown in
Fig. 2(a). Solid block finite elements found in the ABAQUS
program were used to model the curved stent strut member.
The curved segments were modeled with uniform relative
width and changing relative width. The obtained stress con-
tours are shown in Fig. 11. Figs. 7(a), 11(a), and 12(a) all
show that the maximum of the equivalent stress is found at the
top of the curved segment with uniform relative width. How-
ever, as shown in Figs. 7(b) and 11(b), the curved members
with the relative value less than unity exhibit the location for
maximum equivalent stress at certain distance away from the
top of the segment. This is because the gradual change of the
cross-section within the curved segment plays a significant
role in changing the stress distribution. The variation of
equivalent stress (i.e., Mises stress) along the curved stent
segment, as shown in Fig. 12(b), clearly indicates that the
maximum stress for the curved member with the relative
width less than unity does not occur at the top.

The present study focuses on a curved member, in which
the width changes along the curved segment. The location of
the maximum equivalent stress varies, depending on the way
the cross-sectional area changes. When the area reduces to-
ward the bottom, the largest equivalent stress develops at
some distance from the top. Simple equations, based on the
mechanics of materials and elasticity, compared favorably
with FEA. In designing a curved member, as shown in Fig.
1(a), an extra reinforcing plate could avoid premature failure
resulting from excessive loading. The gradual change in the
width along the curved segment could also influence the stress
distribution and the maximum equivalent stress, which may

help reduce the incidence of failure.

In this work, the proposed design strategy of changing the
relative width along the curved segment may be used to elabo-
rate results for many other curved members, including medi-
cal devices such as stents. The present study validates the
fundamental concept that the curve could be optimized de-
pending on design constraints [4].

4. Conclusions

This study focuses on a curved member in which the width
changes along the curved segment. The location of the maxi-
mum equivalent stress varies depending on the way the cross-
sectional area changes. When the area reduces toward the
bottom, the largest equivalent stress develops at some distance
from the top. This change of location for the largest stress is
the primary reason why: (1) the cross-sectional area reduces,
leading to increased radial- and shear-stress components, and
(2) the value of the flexural hoop stress tends to become in-
sensitive to the location.

The estimations of the stress based on the mechanics of ma-
terials and the theory of elasticity accounted well for the
change in the location of the maximum equivalent stress. The
results obtained through FEA agree well with the analytical
estimations. The current methods and findings may be used to
design or elaborate results for other curved members, such as
those found in cardiovascular stents.
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